TUT 4: SOLVE A SECOND ORDER LINEAR EQUATION

YUAN CHEN

For your convenience, | use "t" as independent variable from now on.

Q1. Solve the following homogenous second order equations.
(a) y" + 2y — 3y = 0;
(b) ¥" + 4y +4y = 0;
(c) v"+y +4y =0.
Solution. (a) By the characteristic equation

M42X-3=A-1)(A+3) =0, two real roots

and hence {e!, e73!} is the fundamental set of solutions. Therefore the general solution is

Yy = clet + cge"q’t

for some constants ¢, ¢y € R.
(b) By the characteristic equation

M4 4X+4=(A+2)?=0, one real root with multiplicity 2

and hence {e72!, te~?} is the fundamental set of solutions. Therefore the general solution

IS
Y = cle’Zt + cgte’%
for some constants ¢, ¢y € R.

(c) By the characteristic equation
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M4+ AX+4=0, andthen \=

Hence

—t/2

/15
e cos Tt and e

forms a fundamental set of solutions. Therefore the general solution is

V15
—t/2 sin Tt

for some constants ¢, ¢y € R. O

V15
Y = cle_t/2 coS Tt + coe

Q2. Solve the following non-homogeneous equations:
() y"+2y =3y =€ + ¢
(b) v +4y +4y = e 2 + 1%
(c) v + 4y = cos 3t + sin 2t;
(d) v + 2y — 3y = e*sin 2t + te! + tsint.

Solution. (a) Step 1. (Solve the homogenous eq) By Q1(a), we know S := {e’, 73} is the

fundamental set of solutions to the homogeneous equation.
1



Step 2. (Find a particular solution) Consider
Y'lll + 2}/1/ . 3}/1 _ e*Qt;
1
Yy +2Y, — 3Y, = ¢’ @

In the following we aim to find particular solutions to equations in one by
one. Firstly, since e=% ¢ S, we take Y; = Ae 2! for some constant A € R, then

}/1/ — _2Y17 Y'lll — 4y'1
and
4Y; —4Y; — 3Y; = —3Ae % = 72,

So

1 1
A=—= d th Y, = ——e 2.
3 an en Y] 36

Secondly, since e € S, we take Y, = Bte! for some constant B € R, then
Y, = Be' + Bte', Yy = 2Be' + Bte
and
2Be' + Bte' + 2(Be' + Bte') — 3Bte' = 4Be' = ¢'.
So ]
B=1/4 andthen Y;= thet.
Therefore we have got
Y(t) :=Yi(t) + Ya(t) = —%e_% + itet.
is particular solution.
Step 3. (General solution) In conclusion, then general solution is

1 1
y(t) = cre’ + e — §6_2t + Ztet'

(b) By Q1(b), S := {2 te=*} is the fundamental solutions set to the homogeneous equa-

tion. Now consider a particular solution Y (t) = Y;(t) + Ya(¢) with
Y/ +4Y] +4Y; = e

2

Yy +4Y,) + 4Y, = t2 2)

Firstly, since e 2! € S and —2 is the solution to the characteristic equation with multiplicity
2, we take Yi(t) = At?e~2'. Moreover,
Y/(t) = 2Ate™ — 2At%e™*,  Y/(t) = 24e™* — 8Ate ' + 4At%e .
Then the first equation in (2)) can be reduced to
2Ae? — 8Ate ™ + 4At?e ™ + 4(2Ate ™ — 2A1%e ) + 4AtPe ! = 247 = 72
So .
A =1/2 andthen Yi(t) = §t26_2t.

Secondly, we take Y5(t) = Byt? + Byt + Bs, then

t* = 2B) + 4(2Bit + By) + 4(Bit* + Byt + Bs)
— 4Bt? + (4B, + 8Byt + 2B, + 4B, + 4Bs.



(d)

Then
1, 1. 3
Blz 1/4,32: —1/2733:3/8 and then %:Zt —§t+§

In conclusion, the general solution is

1 1, 1 3
+ e+ P — St 4 =
2" ¢ Tyt Tty

y(t) = cre™® + cote™

for some constants ¢y, ¢s.
It is easy to see A = +2¢ are solutions to the characteristic equation
N +4=0.
Hence S := {cos2t,sin2t} is the fundamental set of solutions. In the following, we
construct the particular solution Y (¢) = Y;(t) + Ya(¢).
Y!" + 4Y7 = cos 3t, @
4
Yy + 4Y; = sin 2t.

Since cos 3t ¢ S, take Y;(t) = A cos 3t + A, sin 3t, then
Y, = —3A;sin3t + 3A5cos3t, Y = —9A; cos3t — 9Aysin 3¢.
So
Y] +4Y; = —5A; cos 3t — 5 Ay sin 3t = cos 3t.
Hence
Ay =—-1/5,A3 =0 andthen Y;= —écosi%t.

Secondly, since sin 2t € S, take Yo = Bitcos2t + Byt sin 2t, then

Y] = By cos2t — 2Byt sin 2t + By sin 2t + 2Byt cos 2t,

Y, = —4Bj sin 2t — 4Byt cos 2t + 4By cos 2t — 4Byt sin 2t

So
Yy +4Y,; = —4Bj sin 2t + 4By cos 2t = sin 2t.

Hence
1
By =—-1/4,By =0 andthen Y;= —Ztcos%.

Combining all the above arguments implies the general solution is
1 1
y(t) = 1 cos2t + cosin 2t —  cos 3t — Zt cos 2t.

S := {ef,e73} is the fundamental set of solutions. In the following, we construct a
particular solution Y'(t) = Yi(t) + Ya(t) + Y3(¢) with
Y +2Y/ - 3Y; = ¢e'sin2t, ¢S
Y, + 2V, — 3Y, = te', eleS (5)
Y, +2Y] —3Ys =tsint. ¢S
Take

Y] = e'(Aysin2t + Aycos2t); Yo = (Bit + By)te'; Yz =t(Cysint + Cycost).



Q3.

Q4.

Substitute into (5)) and solve these constants above. | omit it here. The general solution
is in the form
y(t) = cre’ + e + Y + Yo + V5.

Let g(t) be an general function of ¢. Solve the non-homogeneous equation
Y+ Ay + 4y = g(t).
Solution. By Q1(b), we know
—2t

y=e yg=te ™

forms a fundamental set of solutions to the corresponding homogeneous equation. We know
the general form of the solution can be written as

y = u () (t) + ua(t)y2(t),

/ 0
)= . ©)
Y1 Yo Uy g(t)
The above system gives

u(t) = —tg(t)e™, uy(t) = g(t)e™. (7)

with (uq, uy) solving

Integrating implies

ui(t) = — ftg(t)e% dt, us(t) = Jg(t)e% dt.
O

Remark 1. In general we choose (uq,us) satisfying @ but this is not necessary. You can
also choose u; = wuy(t) and uy = 0 in this case, which is the so-called reduction method. Try
to do it by yourself.
(Challenging problem) Verify that y; = ¢ is a solution to
2y —t(t+2)y + (t + 2)y = 0.
Find the general solution to
2y —t(t+ 2y + (t+2)y =2%, t>0.

Hint: Firstly, use reduction method or Wronskian to find the other solution y,(t) to the homo-
geneous equation. Then use the "variation of parameters” or "reduction of order” to find the
general solution.



